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Multipath channels arise in space communications when a
landing probe, descending upon a celestial body, communicates with
a spacecraft relay orbiting about or flying by the celestial body.
Two paths between the landing probe and the spacecraft arise from
the fact that some of the signal energy transmitted by the probe
will be reflected off the surface of the celestial body. The
reflected wave 1s delayed in time with respect to the direct path
transmission and in addition can be distorted by the reflection
boundary. The net effect is to cause multipath distortion
(primarily signal fading) of the received signal.

Diversity techniques have commonly been used to reduce
the effects of a fading channel. Thus, the particular problem of
evaluating the diversity performance of FSK wideband communication
systems in a two-path/multipath channel was taken as the subject
for this paper. In this paper, a detailed mathematical model of
a fading channel is obtained. This allows one to study the effects
of variations of such important parameters as doppler rate, of fade,
and the degree of correlation between the direct path and reflected
path transmissions. The model is used to derive performance equa-
tions for thils system for an arbitrary number (D) of diversity
channels. In turn, these equations have been programmed and a set
of performance curves are presented which describe the system per-
formance for a wide range of parameter variation.

The results obtalned do not lend themselves to any simple
generalized conclusions. It was found that the amount of a priori
knowledge one assumes as to the nature of the fade determines 1n
part whether diversity should be considered. For example, in
nearly all cases, reflections from extremely smooth boundaries
(specular reflections) show degradations in performance with the
use of diversity while for most diffuse reflection cases, an
improvement can be achieved through the use of diversity.

SEE REVERSE SIDE FOR DISTRIBUTION LIST




BELLCOMM, INC.
1100 Seventeenth Street, NW.  Washington, D.C. 20036

suBlecT: Diversity Performance of the Wideband DATE: June 15, 1968
FSK System in a Two-Path/Multipath
Channel with a Planetary Landing Probe from: L. Schuchman
Case 730

TM-68-2034-4

TECHNICAL MEMORANDUM

1.0 INTRODUCTION

1.1 Background

In a typical Mars mission, a landing probe will descend
upon Mars, while a spacecraft orbits around or flys by the planet.
In order to properly evaluate the performance of a communication
link between the spacecraft and the landing probe, the effects of
multipath must be considered. The multipath effect is generated
since a direct transmission path from the capsule to the space-
craft exists together with a reflected path off the surface of
Mars. The reflected signal will be modeled as a Ricean signal
allowing us to investigate the effects of a reflection whose com=-
position can vary from totally specular to totally diffuse.¥*

For the remainder of this paper we restrict our attention to the
detection of an FSK transmission for such a multipath channel.

Several researchers(l’2’3) have been concerned with the
problem of detecting an FSK transmission when doppler and/or
osclllator instabilities cause significant frequency uncertainty.
Because of this uncertainty, an optimum non-coherent matched
filter detection system cannot be used. The receiver used for
this situation is illustrated in Figure 1-1. The received signal,
z(t), is passed through both mark and space detectors each con-
sisting of a bandpass filter (B Hz wide), followed by a square-
law envelope detector and then through a finlte time integrator
(T-second integration time) to form two energy measures

xi(t) and xg(t). The difference xi(t) - xg(t) is compared with

respect to a threshold (the threshold value belng taken as zero
if the a priori probability of mark and space transmission are
equal), and a decision is made as to the transmitted bit infor-
mation.

%#As proposed for such missions as Voyager, there will be
little antenna directivity gain between the spacecraft and the
landing craft. Therefore, the reflected signal 1s significant
and must be accounted for. ’
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The author has completed a prior paper in which such
parameters as the detection bandwidth,rate of fade, depth of

fade, reflected path delay doppler and composition of the multi-

path were studied.(u) In reference (4) a set of parametric

curves were produced which describes the performance of the
wideband FSK system as the several parameters are varied over
their possible ranges. The set of performance curves are quite
extenslve since the problem does not lend itself to any simple
overall conclusion. In this paper the work is extended by
studying how and if diversity techniques can be used to reduce
the effects of the fading. By a diversity technique we mean

a redundant transmission technique in which the several repeats
of the transmitted information are fading independent of one
another. The redundant messages may for example be transmitted
over separate frequency channels, repeated in time, transmitted

by more than one antenna separated in space, etc. The number

of such repetitions is defined as the order of the diversity. An
FSK wideband receiver with D redundant, but independent, frequency
subchannels, is shown in Figure 1-2. As can be seen from this

figure the compared energy measures Xi(t) and xg(t) are given
by

D
x56) = Y ¥y (e
i=1
D

xg(t) = z xgi(t)

i=1

There are two channel models which will be studied.
The first model assumes that the delay of the reflected signal
(due to its longer path length) relative to the data bit is small
so that except for producing a phase variation such a delay can
be ignored. This model is applicable for the final portion of
the capsule's descent to Mars. The second model assumes this
delay relative to the data rate is greater than one bit so that
it is reasonable to assume the direct and reflected path trans-
missions are uncorrelated. This model is valid during the
initial portion of the capsule's descent.

Evaluation of the performance for both channels bounds
the performance of the real channel for the total time that the
relay 1s 1in operation.
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1.2 Correlated Direct and Reflected Path Transmission - D
Independent Frequency Diversity Subchannels¥® (Negligibly
small delay between direct and reflected path transmissions.)

We assume that the transmitted signal is given by

D .
E: k \/%% cos (wjit + eji)
i=1

where © is an independent uniformly distributed random variable,

bt
k is a constant equal to the reciprocal of the propagation loss
factor, and Wiy (3 = 1,2,3,...,M) describes a random binary

pattern comprised of bits of duration T. The number of diversity
subchannels used is D and ¢ 1s the received signal energy per bit.

The received signal z(t) is distorted by a reflected
transmission off the surface of Mars, together with additive
gaussian noise at the spacecraft receiver, so that 1t can be
described by

2¢

z(t) ) cos (wjit + Awdit + eji)

1]
(.
————

Se .
€
+ ali(t,B -\/ﬁ) cos (wjit + Awrit)

2

- | 2¢

- a2i(t,8 ﬁ) sin (mjit + Amrit)

+ Nli(t) cos wjit - N2i(t) sh wjit (1)

¥Results will be applicable to a wideband FSK system with
D diversity subchannels independent of how this diversity is
obtained.
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where: sug, 1s the doppler shift on the direct path in the 1%l

diversity subchannel.

Awri is the doppler shift on the specular component
of the reflection in the iEg diversity subchannel.

p 1s the reflection coefficient of the specular
component of the reflection and is related to the total average

reflected power 52 by

E” = p + 28 (2)

where 62 is the average power in each of the quadrature components
of the diffuse portion of the reflection.

7

.5?' -/ 2¢
ali(t,BVﬁ) and a21(t,8 \/—T——ﬁ)

are independent gaussian random processes and are the quadrature
components of a signal which characterize the diffuse portion of

the reflection in the 1-49-Il diversity subchannel. These gaussian

processes are obtained from assuming a very large number of
nearly independent reflections from the surface which are again
nearly identically distributed so that the central 1limit theorem
can be applied to the composite reflected signal. Nli(t) and

Nzi(t) are also gaussian random variables and represent the

guadrature components of the additive thermal noise found at the

receiver 1n the iEE diversity channel.

Notice that we have assumed that the reflected signals
in the several diversity subchannels can be characterized as
independent but identically distributed random processes.

1.3 Uncorrelated Direct and Reflected Path Transmissions (Delay
between direct and reflected path transmissions greater
than a transmission bit interval.)

This channel model differs from the previous one only
in the characterization of the multipath signal, r(t). The
description of r(t) for a FSK modulation is given in the following:



BELLCOMM, INC. -7 =

—_ D
r(t) = —V/EE N V(t) cos (w,.t + Aw,.t + 6,.)
D L. Ji Ji Ji
i=1
+ 0 vl(t) cos (wkit + Awkit) + p vz(t) cos (wlit + Awlit)
+ v (t) oy s \/ ) cos wk t - v (t) oy (t,B \/ ) sin w 1t
+ \)2(1:) ayq (t,8 "" DT) Cos w4 t -~ \)2(’6) as (t B'\/ DT) sin wklt (3)
where

p(j=1) = p(j=2)

p(k=1

p(k=2) = p(1=1) = p(k=2) = 1/2

Y11 and Yoy are independent but identically distrituted as @q4-

Over a bit interval, the wave forms V(t), v,(t), and
v (t) have the following characterlzatlons -

V(t)
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vz(t)

T T t

and where 1 1s 1ndependent and uniformly distributed such that

o(T1)

- o

What we have done is to assume the delay of the
reflected path relative to the data rate will be such that

the direct path reception of say, the JZ2 bit of information,

will be recelved at the same time as the kEE bit is being

received from the reflected path® However, since the delay
between paths will be variable, the blt reception from the two
paths will not be synchronous. Therefore, portions of two bits,
k and 1, will be received during the T time interval that it
takes to detect bilt j. The fraction of time that k is inter-
fering with the reception of j is an unknown variable, so we
have used the variable 1, to describe this randomness. In
addition, since we are transmitting FSK and since we assume jJ,
k, and 1 are independent, some of the time the energy from k
and 1 will fall in the same filter band as j causing fading
while at other times the reflection will increase the amount of
noise falling the the no-signal filter band increasing the prob-
ability of false detection. This randomness is accounted for
by the parameters v;(t) and v,(t).

1.4 Organization

A graphical presentation of computed performance curves
obtained from the derivations given in Appendix A is the subject
of section 2. The overall conclusions based on the previous
sections are given in section 3. Since these in effect extend
those obtained in Reference U4 the conclusions from this refer-
enced paper are giwven in Appendix B.

*

The J, k, and 1 notation does not stand for a sequence
of three successive bits. The notation merely conforms to the
labeling of the different bits as described by equation 3.
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2.0 DIVERSITY PERFORMANCE OF THE WIDEBAND FSK RECEIVER

In this section, performance curves are presented
which are computed from the formulas derived in Appendix A.
Section 2.1 describes the dilversity performance of the optimum
non-coherent FSK receiver (BT=1) in a slow fading 2 path/multi-
path channel for both correlated and uncorrelated reflections
(short and long delays between the direct and reflected path
transmissions). The performance of the wideband FSK receiver
(BT>1) in the slow fading 2 path/multipath channel is the sub-
ject of section 2.2, while the effects of changing fade patterns
occurring within a transmission bit interval are stndied in
section 2.3. .

Two bit error rates are defined when discussing errors
arising from uncorrelated reflections. Type one errors are
generated when both the reflected and direct path transmissions
are received in the same mark or space subchannel of the FSK
receiver. Such errors lead to a Pl(e) bit error rate. A type 2

error arises when the reflected and direct path transmissions
simultaneously appear in separate subchannels of the FSK receiver.
P2(e) is the bilt error rate generated by such errors. By

selecting max(Pl(e), P2(e)), the worst case bound for uncorrelated

reflection (no delay) error rate can be determined and, 1in addi-
tion, Pl(e) can also be interpreted as the correlated (long delay)

error rate (as has been shown in Appendix A). In the several sub-
sections to follow Pl(e) and P2(e) are studied to see how the

significant system parameters affect the system performance in
this 2 path/multipath channel.

2.1 Diversity Performance of the Optimum Non-Coherent FSK
Receiver in a Slow Fading Channel (BT=1)

Although the optimum non-coherent FSK receiver is not
the primary concern of this paper it is useful to study for the
following reasons. The mathematical solution is the degenerate
case of the wideband FSK solution and as such is much simpler.
Therefore, programming and computer time is less expensive.
Nearly all of the significant parameters can be studied and
generalized conclusions obtained which hold true even for values
of BT»>1.

To determine Pl(e) equations A-16 and A-19 were
programmed for BT=1 and in addition equations A-26 and A-28
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were programmed to obtain P2(e).* These equations were used to

generate the graphical results presented in Figure 2-1 through
Figure 2-6. As can be seen from the graphs, a range of values
of total average reflected power are given and for each the

cases of totally diffuse (p2=0) and totally specular (p2=c2)
reflections are presented. The graphs demonstrate that when
type one errors are caused by totally specular reflectlons,
diversity techniques can be used to improve performance. The
degree of improvement 1s dependent upon the amount of power

in the reflection. Thus, as the reflected power 1ncreases, so
does the diversity improvement. On the other hand, the P2(e)

error rate due to type two errors generated by specular reflec-
tions 1s not helped by dlversity technlques. In fact, the
error rate 1s seen to increase as the degree of diversity lncreases.

When the reflection 1s diffuse (p2=0), diversity
techniques are seen to significantly improve performance inde-
pendent of type of error (1l or 2). In comparing type 1 errors
with those of type 2, it can be seen that the latter generate
higher error rates for a given received signal to ncise ratilo.
In addition, we note that nearly all of the time a totally
diffuse reflection causes greater error rates than a totally
specular reflection of the same average power and the same
degree of diversity.

To illustrate the use of the curves we hypothesize
the following situation. It 1s estimated that on the landing
probes initial phase of 1ts descent that the relative reflection
power is .05 and the fade rate 1s slow. On the final phase of
the descent, the fade rate 1s still taken to be slow but, since
the path length of the reflection wave  1s nearly that of the
direct path together with the knowledge that the reflecting sur-
face gets smaller as the probe nears its destination, the rela-
tive reflected power is estimated to be .1. We assume that

when ;2 is taken to be .05 the reflective path delay is very
long while during the final phase of the probes descent the
delay is negligible. 1In addition, the BT product design is
taken to be 1 while the maximum allowable bit error rate is

#The receiver described in Figure 1-2 does not reduce to
the optimum receiver. However, the mathematics is not bounded
in this manner. Thus, the results for this paper in the degen-
erate case of BT=1 is equivalent to that which is computed
directly for the optimum non-coherent FSK recelver.
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10_5. Under these conditions an optimum wideband FSK system
design is required.*

Since initially the delay is long, the reflection
will be uncorrelated with the direct path transmission. 1In

Table 2-1 we have extracted from Figures 2-1 and 2-2 the per-
tinent data for this portion of the flight. The final phase with

Table 2-1
E/N, requirements (db) for a 1072 error

rate (§2=.05 BT=1) (Uncorrelated reflections)

Reflection Type One Error Type Two Error
Composition

D=1 2 8 D=1 2 8
0% = .05 14.8 14.8 15.1 15  15.2 16.0
02 =0 16.1 15.4 15.1  17.2 15.8 16.2

no delay between the reflected and direct paths leads to
Table 2-2. To obtailn Table 2-2 we have used Figure 2-3.

Table 2-2
E/N, requirements (db) for a 10™° error

rate (c2=.1 BT=1)(Correlated reflections)

Reflection Type One Error
Composition

D=1 2 8

2

pS = .05 15.8 15.6 -
0% =0 Greater 16.4  15.5

than

19

#We shall assume that a study of the ihitial and final stages
of the landing probe's flight 1s sufficient to determine the
optimum design criteria. This simplification merely makes our
example more compact without detracting from the key points
which we wish to illustrate.




BELLCOMM, INC. - 18 -

To provide the required communications 1link for all phases of
the probes descent, we must design for a given selected diversity
the maximum (E/NO) db requirement in Table 2-3. It can be seen

that the optimum performance following a sort of minimax criteria
is to use a diversity of 8. However since the gain in going

from a diversity of 2 to 8 is only .2 db while that from 1 to

2 is significant and since the size and complexity of an 8 diver-
sity system as opposed to a 2 diversity system is substantial

we would pragmatically select a 2 diversity system for our
optimum design. In addltion, we note once more that if we knew
that a specular reflection 2 _ 2 yould occur, then from Tables

p
2-1 and 2-2, diversity i1s of no help and indeed may cause poorer
performance.

Table 2-3
Minimum E/NO (db) to satisfy probes mission

requirements as a function of diversity

E/NO
D
1 greater than 19 db
2 16.4
8 16.2

2.2 Wideband FSK Diversity Performance in a Slow Fading Channel

In this section, the same programs used to evaluate
performance for the optimum FSK receiver are used to determine
the performance of the Wideband FSK receiver. Thus, the restric-
tion for BT=1 is removed and in particular BT values of 5 and 10
were used in the actual computer runs.

2.2.1 Type One Errors

When the BT product is greater than one and for the
space applications of interest a relative doppler variation
between the reflected and direct transmission paths will normally
exist. Thus, in addition to those parameters studied in section
2.1, the effect of doppler variation is considered in this
section. The doppler is accounted for by assuming the direct
path transmission to fall in the center of the detection band-
width (y=0) while the reflection bandwidth varies uniformly
throughout the band (zmax=72o for BT=10).¥%¥ In Figure 2-7 through

¥In those graphs where we have assumed all doppler to be
zero we denote this by 2z=0. The parameters z and y we defined
in Appendix A.
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3-14, our results are presented for the performance of the
wideband receiver when type one errors are made. Two values

of varying reflected power were used {c2 = .05 and c2 = ,1}

and for each, the cases of totally diffuse and totally specular
reflected signals are plotted. The case of no doppler variation
is studied and one in which the relative doppler varies uniformly
from one extreme edge of the detection subchannel passband to

the other.

In general, the results demonstrate the following:
Independent of the BT value, diversity nearly always leads to a
greater error rate when the reflection is specular. On the other
hand, the effects of a diffuse reflection may be significantly
reduced by increasing the diversity. Thus, by Figure 2-7, if

a 10_6 bit error rate is desired nearly 1.8 db in signal power
can be saved by using a diversity of 2 if the reflection is

diffuse. On the other hand, if a 103 error rate is required
increasing the diversity does not lead to an improved system
performance.. A realistic design is one in which the doppler
offset is accounted for. It can be seen from the graphical
results that when not accounted for (z=0) a conservative
design results. That is proper design results in a signal
energy savings which is greater than a db. Finally, we note
that as the diffuse reflection power increases, the maximum
order of diversity for which improvement can be realized in

6

>

the normal communicatlion bit error rate range of lO_3 to 10~
also increases.

Type Two Errors

In Figures 2-15 through 2-18, we have plotted our
results for the performance of the wideband FSK receiver when
type two errors are made. We note that the observations made
for type one errors are also valid for discussion in this
subsection. In addition, we note that type two errors generally
cause poorer performance than type one errors.

2.2 Time-Varying Fading (Correlated reflections)

A specific case of a time varying fading channel (as
discussed in Appendix 2) in which the effective bandwidth of
the diffuse reflection 1is equal to the information bandwidth
and whose spectrum shape is white was assumed. Two approaches
were taken to determine the bit error rate. A chi square
approximation which results in equation A-21 and a Karhumen-
Loweve expansion of the al(t) parameters which leads to

equation A-22. Both equation A-21 and equation A-22 were
programmed.
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It can be seen from equation A-22 that the eigenvalues
~T

Ay and the integral of the eigen functions L s.(t)at = v,
/T }O 1 1

are required. In general, there are an infinite number of
elgenvalues and Vi's to consider. However as can be seen by

Tables A-1 and A-2, their values decrease rapidly. Using the
first four Vi’ solutions were compared (for a variety of varia-

tions on the essential parameters) where, the first four eigen-
values were used with that in which the first nine were used.

In all cases tested, the résults were essentially identical and
it was concluded that we could thus assume that we had four non
zero eigenvalues. As discussed in reference U4, only the first
four Vi values could easily be determined (it was found that for

i even Vi = 0). To determine the significance of the Vi’ a

programmed run in which V, (i$#l) were set equal to zero was com-
pared with results obtalngd in which the correct values for V1

and V3 were used. The results of this comparison are demonstrated
in Figure 2-19.

It can be seen that less than a .1 db error is made
when setting V3 = 0. Although this is no rigorous proof, it does

imply together with the decreasing values of the higher order
eigenvalues that little 1is lost in setting the remainder of the
v, (1>3) equal to zero.

The results of our programming equations A-21 and
A-22 are illustrated in Figures 2-20 to 2-23. The bit error
is plotted for values of BT = 10, 20, and 30. The two values

of average reflected power were gg = .05 and c2 = .1 and for
each two cases were run. In the first, the specular component

was set equal to zero (p2=0) while in the second the average
specular power was set equal to the average diffuse power

(02 = 282).

In all cases, it was found that when using the Karhunen-
Loweve expansion, performance was worsened as the diversity
increased. On the other hand, the use of the chi-square approxi-
mation led to just the opposite conclusion.

Since the K-L expansion was the more rigorous approach
we conclude that when the fading is not slow, diversity is of
little help in improving performance. In addition, this section
poirts up the dangers of using crude approximates to arrive at
meaningful results.
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WHEN THE FADE RATE IS NOW SLOW
(12 = .05, p% = 2p2)
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CONCLUSIONS

This paper demonstrates once more the importance of
properly describing the multipath found in a relay space link.
It 1s shown that diversity improvement depends upon the compo-
sition of the reflection together with the fade rate. Indeed,
i1t is shown that specular reflections nearly always lead to
system degradation in performance when the system uses diversity
while the effects of diffuse reflections can be significantly
reduced for most cases with the use of diversity.

More specifically, we have generated programs which
can be used for any space relay link which has a two-path/
multipath problem to predict system performance. Such pre-
dictions can in turn be used to determine system sizing
requirements.

In addition the graphs given in section 2 have been
plotted for a wide range of parameters of interest and illus-
trate more specifically the effect of using diversity techniques.
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APPENDIX A

A.0 DERIVATION OF CHANNEL PERFORMANCE METRICS D DIVERSITY
WIDEBAND FSK

A.1 Correlated Direct and Reflected Transmission FSK Modulation

Case 1 Slow Fading

Ay . A
aki(tl,ﬁv_g.) = aki(t2,8 _\/——15-)
where
1/2
= (2t
A - (T)
ke {1,2}

ie {1,2,""",D}

It has been shown that the energy measures xi and
Xg for large BT¥ products can be described conditionally as
chi-square Xariates (given aq, 05 and 6) each with 2BT degrees
of freedom. Similarly, since each of the diversity subchannels
can be considered as a no diversity system the Xii and Xgi can
also be described conditionally as chi-square variates (given
{ay}, {a,}, and {6})%% ecach with 2BT degrees of freedom.

Therefore in this paper we will only derive that which
is additionally necessary to give the more generalized D diversity

solution. Thus we may write the Xii variate 1n the following
manner.

2 2e 2 )
X33 = T K3q(04) + ny (A-1)

where

¥BT 15 the product of the rf detection bandwidth (R) and the
information bit duration (T).
##¥The notation {U} is used to define the set of random
variables U1 U2 Ve e ‘
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oy}

T

N A

.+ = -
ZJ [nliJ \[5 sinc yy cos (2yij + oo, yi)
j=1

A . .
(p\[E_ + ali) sine z; cos ‘22i3 - Zi)
A
Ao —
211f5

2
sinc z,; sin (2ZiJ - zi)]

w

T

Wi+

A . .
LPYe +:V5_sinc y; sin (ZyiJ o6, - yi)

Ce
u

+ (p + o,.) sinc Z4 sin (2zij -z

Vq; 1i

5)

sinc z, cos (2zij - Zi) (A=-2)

21\[5

€ is the total received energy of the direct path transmission

sin Yy hAfd(i) wAfr(i)

stne vy ==, Vi T B AT B

k3i(ei) = kli(ei) - k21(ei) (A-3)
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o 2 a
kli(ei) =1 + (—31-} + (p + 11)

A A
D VD
v ofo 4 2aa!
) A_} sinc BT (yi - Zi) cos E(yi—zi)BT + ei}
/D
%21 -
+ 2 N sinc BT (yi—zi) sin [BT(yi—zi) + eiJ (A=1)
-VD
i 2 o 1 2
2 %21 11 ¢ 2
k2i(ei) = sin ¢y, +|| 5= + (p + V Isin c 7y (A-5)
VD VD |

-~

a;4] sin BT(yi—z.)

1
A | BT sin(y,-z,) °°° (BT (y =-25)+6,)
- VTD— 1

+ 2 sin vy sinc z4

a5, | sin BT(yi—z.)

13/% BT s1n(yi—zi)

+ 2 sinc y,; sinc z cos (BT(yi—zi)+ei)

We will assume that the doppler variations on the
several diversity paths are all identical so that

¥y =9
zi =z

and
kli(ei) = kl(ei)
kog(84) = ky(ey)
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Since the Xii variates are independent, xi is
conditionally (given {al}, {“2}’ and {6}) a generalized non-

central chi-square variate¥* with 2DBT degrees of freedom and
can be written as

D D
= 2 E: Do+ Y a8 (A-6)
1=1 i=1

Similarly Xg is a chi-square variate with 2DBT degrees of
freedom and is given by

D
- }: 2
= X
i=1

The conditional probability of error can therefore
be written as

P(e/{ay},{a,l, (01) = PGE/XS < 1/0ay}, fa,} {63)  (A-T)

Since xl/xg is a generalized one sided non-central F

variate, we can use the results of Appendix A of Reference U to
write the conditional bit error rate as

P(e/{al},'{az}, {8}) = (A-8)
D DBRT-1
k (e,)
i 1
exp {~ z DIiT [k](e:l) ] z T
j=3 © k=0
' D k-3 j [DBT + 3 D . )
k) € Kk (9 ) Z ,j j_!_ _E Y k (e.)
jDNZ 3494 et WD K2 %1 TBBET + 2+;
j=o ° i =0 " 441 2

¥\ generalized non-central chi-square varilate is defined as
a non-central chi-square variate plus a constant.
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Several special cases are of interest

1. No Multipath

When no multipath exists
kl(ei) =1

_ 2
k2(ei) = sinc %y

so that
D
-
kl(ei) =D (A-9)
i=31
D
_ 2
Z kg(ei) = D sinc Ty (A-10)
i=1

Inserting equations (A-9), and (A-10) into equation
(A-8) we see that performance gets worse as D increases as expected.*
(Note that in thils case the conditional bit error probability is
equal to the bit error probability.)

2. Multipath - Specular Reflection Only

In this section we will obtain the average bit error
probabillity when there 1s no diffuse component to the reflection.
The sumed kj(ei) parameters with {j=1,2} are given by

D
Z ko(8) = (1 + p°) D + 2p gn({6,1) sinc {(y-Z> BT] (A-11)
i=1

D

z: k2(ei) = (sinc 2y + p2 sinc 22) D

i=1

. . sin BT(y-2z) (A~12)
+ 2p g({6;}) sincy sincz BT sin(y—2)

*If we assume that the transmitted signal energy is held constant,
then in an additive gaussian nolse environment, signal diversity recep-
tion does not improve performance and if not coherently summed at
the receiver, actually degrades performance.
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where

D
g({ei}) = Z: cos (BT(y-z) + ei) (A=13)

i=1

g(ei) is equal to the sum of D identically distributed

random cosine waves. The probability density function of one
cosine wave can easily be derived and is given by

1
P(g(o)) = lg(6) | <]
n[1-g° ()12
0 otherwise
where g(8) = cosse
p(e)
1
§Tr
0 2w 8

while the characteristic function of g(e) is given as

-g(8)t

< e >

g(e) = Tol®) (A-1h

where Io(t) is the modified Bessel function of the oEE order.

To obtain the characteristic function of g({ei}l we
simply use equation (2-14) and transform theory to obtain

-g({o; 1)t D
< e > g({ei}) = [Io(t)] (A-lB)

*<X>k is defined as the expectation of x with respect to
the variable k.
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Equation (2-15) 1s all that is needed to generate the
solution for

‘ [g({ei})]a ems(losh)

Such a result allows one to express the bit error probability
for the specular reflection case 1n closed form.

Unfortunately, the solution of the required expectation
is in terms of higher order modified Bessel functions and although
such a solution is mathematically satisfying it does not easily
lend itself to the obtaining of numerical results.¥* Therefore

we shall use the following alternative approach to obtain the
desired results.

If we take the expectation of equation (A-8) with

respect to g({6}) we can write the bit error probability in the
following integral form

DBT-1 kK k :
_ g\-ﬂ 1 Y k DBT.+ J—l J! 1
P(E) = /&7 Z Z (J' ( J-2 LT ,DBT + 2¥]
k=o J=o0 =0
D D -
k,(6:) |
f exp —{Z oKy (6y) - =54 ];J
<D 1=1 ° :
r D k-] D T
€ _E !
| 55 Ky(8,) vD L k(o) | p(sten) da(tel)  (4-16)
ERRCHE ¥ 1=1

where p(g{e}) 1is the probability density function of the random
variable g({e}).

The probability of the sum of D identically distributed

random cosine waves has been derived by both Slack5 and Leong6
Figure A-1 is reproduced from Slack's paper.

¥The reader 1s referred to Reference U4 where the evaluation of
the expectation is obtained for the no diversity case.
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np(g({e})) \ »‘ Cos © population.
\\\ \ ; n= : /// 2/
N
T T

A

1.0 “—\ \\
K
I

. RN

Relatwe frequincy c‘oc:ur.-ence(scale adjusted for unit ares under curves)

TN
| AN\ N
-1 . \Vg‘zb | - \\\\\
s T

0 . 02 04 06 08 0 9;( {8 i } )
Ratio of modulus of instantancous value to peak amplitu.de —

n

Figure A-1 Instantaneous value obtained from the
combination of n cosine oscillations#

¥Taken from Figure 3 of Reference 5.



BELLCOMM, INC. - A-9 -

In numerically integrating equation 2-16 we shall use the exact
distributions given by Slack for p(g{6}) when D < A

3. Multipath - Slow Diffuse Fading

In this case both a specular and diffuse reflection
are assumed to exist. However the variations of {a,(t)} and

{a2(t>} over a bit interval is assumed to be so slow that they

can be taken as constant random variables over a bit time
interval. We now proceed to derive the bit error probability
when averaged over the {ali(t) R {a2i(t)}, and {ei} parameters

for the special case of small doppler. Thus, we assume

= _ 2 2
Kl(ei) = K2(ei) =1 - sin ¢ BT(y-z) + wy (A-17)
where
o 2
w? = li D + p + sinc BT(y-z) cos[(y-z)BT + ei]
i
r":

ao1Yp 2
R

= sinc BT(y-z) sin[(y-z)BT + ei]

To compute the averaged bit error probability given
{0} pe[s/No/{e}], we can write
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)

; T oa-m b
£ (1 - sinc2 BT(y-z))g oM 2)
Sk ‘ “\ow- 5/ °° ““/oy 7 7len {a,)
2DBT + k 0 0 \Cll s (12
(~-18)
where
D
2 _ v 2
w L. i
i=1

Notling that w given 9 1s a Rician random variable
with 2D degrees of freedom, the expectation in equation (A-18) can

be evaluated using a special result from Appendix A of Reference u.
Thus we have

is/No . 5 :
Pe iT8T |7 €% |- 3y~ [1 - sinc® BI(y-2z)] |
e J0 |
DBT-1 k a m : }
- DBT + k - 1} o
\ ‘ H i 1 o
" Z — ! k - o G—! (m)
k=0 a=0 m=o J=0
,@=m (Dl4nm 51
2 ! 1 m
‘2§ (1 - sinc® BT(y-z)) & m-j / ET %Fei NED 82)
- o] e 1] o
oDBT + k (14 82)D + m+]
N D
0
€ \)2
exp {} 2ND , , e 62} (A-19)
° ND P .
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where
D
Za Y2
B i
i=1
2 2
vy o= e sinc BT(y-z) + 2p sinc BT(y-z) cos ((y-z) BT + ei)
so that
2 2 2
ve = D [p® + sine” BT(y-z)] + 2p sinc BT(y-z) g({8})

Numerical integration willl be used to integrate
equation (2-19) with respect to g({6}) in a manner analogous to
that which was used to obtain the bit error probability for the
no diffuse multipath case (equation A-16).

We note that if we use equation (A-19) when in fact
K2(e)< Kl(e), then the effect of the approximation K2(e) = Kl(e)

is to give a pessimistic prediction of performance and so
establishes an upper bound to performance.

2€
Case 2 %ki (t, 8 Tﬁ) time varying over the bit interval for
the special case of doppler.

In this section we assume the aki(t) parameters to

be time varying. We further assume the diffuse portion of the sig-
nal to have been generated from essentlially an infinlite number of
reflected paths. Although the amplitude and phase distribution

of the resultant reflected signal is delayed from that of the
incident signal, it is assumed that no new frequency components

are created in the reflection process so that the bandwidth of

the diffuse reflection is equal to the information bandwidth

and is assumed to have a white spectrum.
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Proceeding in a manner analogous to that in Reference b,
for D=1 we have that the bit error probability given 6 can be
written as

r | ,} per [2f-1 DBI-1 1 DBT + 2-1
Fe i.e/No’ BT, 0> DI = 5 Lo | v
L J=o L=j J
- (A-20)
nz..‘: :
. < exp - (n /4N ) >
L2N0J ®11° %21
where
D
2 _ T 2
T LM
i=1
T _ 5
2 _ 2 D
n{ =5 {cos 6, *+ o +\;K o4 (t)]

Ve d
[sin 8, *\I 9oy (t)] dt

Two approaches will be used to obtain solutions to
equation (A-20). In the first, a chi-square approximation is used
while in the second the more rigorous Karhunen-Loeve expansion
of the a, (t) random processes 1s used.

+

(2) Chi-Square Approximation - 4D degrees of freedom

If we can use the chi-square approximation then n2
is given by
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Since n2 is chi-square distributed with 4D degrees of
freedom we can evaluate the expectation in equation (A-20) by
use of Appendix A of Reference U4 with the result that the bit
error probability given {e } is

o 2 =0
[.a r-({ey }) é} DBT 1 DBT 1

‘ Tl 2N ¢ 1
P_[le/N [{6.}! = _SXp 0 gs ; - .
e{ 0 i% >DBT + 2DN J é_ L. odte
=3 m=o

| e 82 ey )" N
EBT + g- 1H o} 2D + 3-1} T o
. . \ _£8°
L=j / J-m m.zl + 2DNO]

™w

(a-21)

w] ]
=%

&

2

where r°({6,}) = 1+o° + 22 g({s,})

b) Karhunen-Loeve Expansion of al(t) and a2(t)*

If we expand the o parameters in a Karhunen-Loeve
Expansion we have

D
2 _ T 2
n L. N1
i=1
where
fT/2 N ) 5 N
2 A 1/2 E 2
= _— . . s t dt + A
Ny j L\ﬁ; r(e,) + 2: A0 egyy ¢ () b Moy
-1/2 3=1 j=1

#For a detailed derivation see Reference U.
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where r2(ei) =1 + p2 + 2p cos 04

N

_ 1/2
oy (8 = E: 311 okg1 ¢31(F)
q=1

T/2
.1/2 _

T/2

:/~T/2 1 i=j
t . =
¢i( ) ¢J(t) dt

J—T/2 LO i#j

0 1%t and/or j#2
<0y .5 O > = 582 . .
kji “kit 5 i=t and j=2

Thus we need find the expectation given in equation (A-20)

where n2 is the sum of 2ND independent non-central chi-square
variables. Since each of the diversity channels can be expanded
in an identical manner K there will be D groups of 2N variates, each
of whose members will be identically distributed, except for
different non-~central parameters. Therefore, we can write the

bit error rate given {ei} as
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2 DBT-1 J1 I,
Pe[a/n /{ei}]= [%]DBT €XD \- - ;;:i}) : .E: E: E:

J1=O j2=0 J.3=O

DBT + -1 (4,
-]
Iy - 52]) j3) er®({e 1) ¢} "2 °3
- - N ¢. [-1/2] (A-22)
Jy * o o J3
2 JAat
2
N
2 2 . .
where C=11 - }: 'VY . The VY values are given in Table A-1
y=1
r
Jé:l 137 1/2) (-1/2)
*yy L7172 7 Lo Niy | Pyt Capmnh I3zt
Jy=o
L2 (-1/2) j3=0 (A-23)
and R .
A€ Ba]J g gl [erz({ei}) vi}
N[ G-nrow D J T "éNOD N
Bj[—l/2] = A £ 32] J
Y
y=1 1+ N D
(A-2l)

2= ]
L B kO G | R
o) Y 2NOD )
At B2 J+1
1+ —%N—ﬁ—
o}

The AY values are given in Table A-2. @O(-l/2) is given by
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—l\l
%i £ rz({ei}) 5 AYgez
(1)0[-1/2] = exXp ‘\— ‘ N v 1 + _rN——ﬁ )
l\‘ Y:l 0 0 {
k_ rd

-D
N 2
T *yEE
1 T TD 2o
TABLE A-1

V$ for the Flat Spectrum

Y V$

1 .894
2 0

3 .106
b 0
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TABLE A-2

Eigen Values for the Flat Spectrum

y r, (BT=2)

1 9.8405 x 1071
2 7.4962 x 107t
3 2.4359 x 1077
y 24647 x 107°
5 1.0661 x 1073
6 2.7415 x 107°
7 1.8028 x 1077
8 6.1332 x 107°
9 5.9714 x 10711
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.2 Uncorrelated Direct and Reflected Path Transmission
FSK Modulation

The received signal for this case has been described
in Section I. As discussed earlier, during the initial portlon

of the direct path ith bit detection (0 to t), there is simul-

taneous detection of the reflected path's jth bit, while for

the remainder of the bit detection period (t to T) the reflected

path's kth bit is the multipath noise. Assuming the ith bit to

be a mark, several different multipath effects can be generated

depending upon the mark or space characterization of the

jth and kth bits. However 1if we take advantage of symmetry con-

siderations, the bit error probability Pe can be written as the
sum of three terms. Thus

Pel Pe2 Pe3

Pe = = + o4+ 3

where we have, with respect to equation (1-1) that

i1i=93=k for Pe1
1#35 =% for Pe2
1 =3 #k)

- #‘5j for Pe3

We now proceed to calculate Pe1 and Pe2. These results will be

used to bound Pe3.

When 1 = J = k the detectlon problem is identical to
the correlated case,so that we may use the results derived in
Section A.1 to compute Pel. Thus Pe,, is given by equations A.16

and A-19 when the fading is either specular or Rician.

To compute Pe2 where 1 # j = K,the energy measure
Xi is given by

D

i
i
]
—

D -
e / ! A 2 A 2:

X = L o= coS Gi + nli (t) +4 = sin ei + n2i (ti] - dt
i=1 ‘o vD \
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where we have assumed that i=1 while xg is

D -, T .
| ! |
Z [ o + ali + nli (t)‘ dt + },ia2i + Nos (t) dt i

¢ J

i
|
4

Proceeding once more in a manner analoegous to the one
followed when BT=1 (reference 4), we have that the conditional
bit error probability Pe, (g/No/{al},{az}) is given by

Pe, (£/N_/{aj},{ay}) = Q )
: e v

_l ex i = ;a2 + b2" T @‘
7 ©Xp T olz }
DBT-1 3 .
r2 .2 2 - %
a + b N E _ a. l1a.b
+ exp ‘ {———Tr———‘J — CJL(aj h¥ i I);§—§
J=0
where a
: , , (A-26)
a b explo b a” (éil dt
Q(—,—-)=ftexpl-—- }Io :
VERRTCA LR B €
Vo
DBT-1
S (DBT-1 + g)1 27 %°PRT
J . - £ 1 —1)1
e (DBT-1 + 3)!.  (2=3)!
2 _ 28,2
a® = =5 2
o}
2 2
2 _ f %11 (fed
z° = o+ = } + _A_)
1=1 | 5 VT
02 28
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The expectation of equation (A-26) for the general
case is difficult to obtain. However, it can be solved for two
important special cases. In the first, we assume the reflection
to be totally specular,while in the second we assume the re-
flection to be completely diffuse.

1) Specular reflection {al} = {a2} =0
Pez(s/NOI {al}s{a2}) = Pez(E/No) (a=27)
where
22 = 55 X:
2) Diffuse reflection 0% = 0

In this case we have that a is a Rayleigh variate with
2D degrees of freedom. In Appendix B, the expectation of the
conditional bit error with respect to the variate a, is carried
out with the result that

[ D-1 -
] iD-1 kK k k-2
o pe 2Pt Y“( k| (%) | b
Pe,(&/No)=lexp . > T o1 L. kT __E__} 2, g 2
! Co2fet+ 2)0[o%+2)TOL T YT 20 o Tielet+ 2]
3 DBT-1 |
2k ‘ o C,
T I
2 g +2 J=o ]
where 1 =0
dR, = { L#o
(k-241)d, 4 (£-29)
23 2 2
_{Bb . . b
7= {5 7 R [a-pe s gy YEvE -
o Y 2 2
- '
(D+3-1)! (Q__§) 1Fq (l-D s g+l _L_Q__Z
(D=-1)! 2+0 7| L(2+5%) (A-30)

1Fq (a;b;-z) is the Confluent hypergeometric function
defined in integral form by
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given by

1
JFi(azb;-2z) = r(ag(?%b_g /‘ =3t ca-lgy_yb-a-1 40
0

2

g=§££
N D
o]

For the special case j < D and in particular when
BT=1, Tj reduces to

_ D! 23 ; (D+j+1)! (D+j)! 3
Ty = qeoyr P Loy (-2) - (B PmeraT L= (A-31)

where L% (-2) is the generalized Laguerre polynomial given by

o—I-?w (j+D‘

jom (z

m:

m
L% (-z) = ;

m=o

To determine Pe3(E/NO/e) and Pe; we assume that reasonable
bounds can be obtained in the following manner:

Pe3 (lower bound) min(Pel, Pe,)

Pe3 (upper bound) max(Pel, Pe2)
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APPENDIX B
Derivation of Bit Error when the Reflected Transmission Is

Uncorrelated with the Direct Transmission when p2 = 0.

For convenience we repeat equation A-26 of the text in
the following form

Pe,(g/No/a) = |Pe,(g/No/a) - SPe,(g/No/a) +

3Pep(e/No/a) (B-1)
where
LPe,(e/No/a) = Q( 2 b
V2 Ve
2, .2 ;
2P62(5/N0/a> = % exp (_[L}E—‘])Io g_b}x
2 21\ DBT-1 ST

a + b b a ] ab

HE e _{ —"“E_“‘]) CJ[ A B

As noted in the text when p2=o, the parameter a is a
Rayleigh variate with 2D degrees of freedom. Thus we have that
the bit error probability is given by

Pe,(g/N,y) = J[ Pe,(g/No/a) pla)da (B-2)
o
where
(a) = 20 (-a2/25°)
pla) = —=———=— exp(-a o
D=1 2D (p_ 1y (B-3)

Substituting equation (B-1) for Pe,(£/No/a)

we have

Pe,(&/N,) =_f 1Pe,(e/Ns/a)p(a)da +'/—2Pe?(€/No/a)p(a)da
o] o]

-+J[ JPeL(E /N/2)p(a)aa (B-1)
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Each of the integrals on the right hand side of equation (B-4)
is evaluated separately however for each we make use of the
following result#¥

2.2 -

o ter-lag {exp(—l/u Cza-zﬁ %a_p

F(p+1)‘f Ju(ct) e”

1 c\* S 1.2 =2
JERE IR RS SSSITEE

o

o+

P(%u+
(B-5)

Re a0 Re(u+p)>o

where Ju(ct) is a Bessel function of the first kind. Note the
identity that

In(x) =1 an(ix)

where In(X) is a modified Bessel function of the first kind.

¥"Higher Transcendental Functions", Volume 2 of the
Bateman Manuscript Project, p. 50, equation (22) McGraw-Hill
Book Company, Inc., 1953.
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o«

To evaluate f 1Pey(e/N,/a)p(a)da = [Pe,(&/N )

|
J
(o]

1Peg(E/No) can be written as

a2
e a b, 7 P 'Eigzz:— £
—_— — = : - a
‘ o) \[ ] p(a)da = Jl f t e Io['é—__—’dt p(a)da
o A . Y,
V2

Interchanging order of integration and using equation
(B-5) leads to

) t2
=, 2 D 2 2
Pe (E/N) = g e~ (o*2) 27 g ‘1—D;l; —t o dt
1°°2 0 2 171 2
b -
\V:IE-“
—t202
But F1 1-D;1; 5 is equal to the following
1 2(0°+2)
Laguerre polynomial#
2 2 2 2
-t"o t o
F (l—D;l° =L (————— (B=7)
1 T 2(6%42) D-115(4%+2)
where D-1 .
< -
L (-0) = ) (P ) (B-8)
D-1 m=o m

Substituting equations (B~7) and (B-8) into equation
(B-6), interchanging the order of summation and integration and
rearranging terms leads to

D-1 p
1Pe, (/N ) = 2 5 ( ) ( ; % _[ (B-9)
b2

(244

2(o +2)

¥"Handbook of Mathematical Functions", p. 509
relation 13.6.9, National Bureau of Standards Applied
Mathematical Series 55, June 1964,
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The integral on the right hand side of equation (B-9) can
be evaluated in the following manner

‘F m
Assume J Tha exp -u du = e”@ z: k.iam_l (B-10)
a i=o
where 1
) k.= 1=0
5 _
((m-141)k, 4 1#o

Proof by induction:

It is easy to show true for m=0, 1, and 2 assume true for m=n

then integrating by parts we have

: i y
}un+1 exp -u du = —un+1 Fxp—u] +(n+1)-j ul exp -u du (B-11)
“a a a

the right hand side of equation (B-11) reduces to

oo

n
jﬁn+1 exp -u du = |a™! 4 E:ki a"t(n+1) | 72

a i=

(o]
n n+l
but an+1 + E:ki an'1n+1 = E: ki an_1
i=o i=o ‘

Sequation (B-10) is true

Thus we substitute equation (B-10) into equation (9)
with the result that

b2
- 2 D=1 m m -1
125 (e/N,) = Le 200772 )P 3 (52) {D_l) L 7k w2 )
(2+c2)D_l deo 12 R 2(°+2)

(B-11)
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In a similar fashion we can evaluate 2P2(€/No) and
3P2(€/N°) with the result that P2(£/No) is given by equation

(2-28) of the text.



